ThermaJ conductivity measurements in unsaturated moist porous media are complicated by the actio!! of gravity on the moisture and by moisture movement caused by temperature gradients. The effects of these factors are discussed for the cylindrical probe method.
I. INTRODUCTION In Part I (de Vries and Peck 1958) we treated the measurement of the thermal conductivity of soils and thermal insulating materials by means of cylindrical probes with special reference to the probe characteristics. It was assumed for simplicity that the medium surrounding the probe could be characterized by an overall thermal condlictivity and an overall thermal diffusivity that were independent of place and time.
The use of overall or "macroscopic" thermal properties is justified when we are dealing with dimensions that are large in comparison with the scale of inhomogeneity in the medium (e.g. pore and grain sizes). The assumption of their constancy with place and time can only hold approximately in unsaturated porous media, because in such materials moisture distributes itself unevenly under the influence of gravity and temperature gradients. In the present paper we discuss the effect of these phenomena on thermal conductivity measurements by means of the cylindrical probe method.
After explaining the symbolism in Section II, a recently developed theory of simultaneous transfer of heat and moisture in unsaturated porous media is outlined in Section III. The theory of moisture movement in porous materials under the influence of a temperature gradient was discussed previously by one of us in collaboration with J. R. Philip (Philip and de Vries 1957) . In this paper differential equations governing the simultaneous transfer of heat and moisture wer~ presented. In a later paper (de Vries 1958) the theory was extended; differential equations of greater generality were derived (equations (9) and (10) below) and applied to the problem of steady-state heat conduction in moist porous media. We refer to the original papers for a detailed discussion of these phenomena and for further references.
In Section IV the (linearized) equations for heat and moisture transfer are solved for radial flow and the solution is applied to the cylindrical probe method. The influence of gravity had to be neglected in order to preserve radial symmetry. Gravity effects are discussed separately in Section V. Experimental data are presented and discussed in Section VI.
II. NOTATION AND UNITS
a, Thermai diffusivity(cm2 sec-I), . b, constant defined by equation (17) (°0), oj) specific heat of liquid water (cal g-I °0-1 ), 0, volumetric heat capacity (cal cm-s °0-1 ), D atm , molecular diffusion coefficient of water vapour in air (cm2 sec-I) (=4 ·42 X 10-4T2.SjP),* DT=DTl+D Tv , thermal moisture diffusi"ity (cm2 sec-I °0-1 ), DTl=Kef'¥joT, thermal liquid diffusivityt (cm2 sec-I °0-1 ), D Tv jDatmv(dpojdT)h(VTUp;VT, withj=Sfor 61<6m j=(S ~61)[1 +6d for 6 1 > em thermal vapour diffusivity (cm2 sec-I °0-1 ), Do=Dol+Dov, isothermal moisture diffusivity (cm2 sec-I), D01=Ko'P'jo6l) isothermal liquid diffusivity (cm2 sec-I), Dov=rxaDatmvgPv(o'P'jo61)jPIRwT, isothermal vapour diffusivity (cm2 sec-I), g, acceleration due to gravity (cm sec-2 ), h, relative humidity, j, mechanical equivalent of heat (erg cal-I), k, unit vector in vertical direction, K, unsaturated hydraulic conductivity (cm sec-I), L, heat of vaporization of water (cal g-I), p, partial pressure of water vapour (mm Hg); P, total gas pressure (mm Hg), qM heat flux density (cal cm-2 sec-I), qz, liquid flux density (g cm -2 sec-I), qm=ql+qv, moisture flux density (g cm-2 sec-I), qv' vapour flux density (g cm-2 sec-I), * See Philip and de Vries (1957) for a discussion of the experimental values of D atm . Pv' density of water vapour (g cm-3 ), Po, density of saturated water vapour (g em-B), cr=4xt/R2, 'T=4at/R2, <1>=7 +z, moisture potential (em), 7, water pressure with atmospheric pressure as datum (em), (VT)a' average temperature gradient in air-filled pores (°0 cm-1 ).
III. THE EQUATIONS FOR SIMULTANEOUS TRANSFER OF HEAT AND MOISTURE
Heat and moisture transfer in unsaturated moist porous media are very complex phenomena. Moisture moves in the liquid phase under the influence of gravity and pressure gradients, and in the vapour phase under the influence of gradients of vapour density. Heat is transferred by conduction, radiation, and convection (including sensible heat transfer by liquid and vapour movement) and also as latent heat by vapour movement.
One of the principal difficulties encountered in developing a mathematicalphysical theory of these phenomena arises from the intricate nature of the internal geometry of a porous material. This difficulty can be circumvented to a certain extent by the introduction of "macroscopic" parameters, which are proper averages taken over a sufficiently large volume. where Dv is a macroscopic diffusion coefficient. The moisture contents in the liquid (6 l ) and vapour (6 v ) phases are not independent, of course. When there is equilibrium between both phases in the pores these quantities are related by the expression
Both 'F and Pv are functions of 6l and T. The equations (2) and (3) The various diffusivities .occurring in these equations are explained in the previous section. For their derivation we refer to the paper by Philip and de Vries (1957) .
The equation for the heat flux density becomes
where To is an arbitrary reference temperature. The effect of heat transfer by vapour movement under the influence of temperature gradients is best included in "A, because it can be the dominant factor in the heat transfer in the gas-filled pores. A more complete discussion of this point and of the approximate character of (8) (which is due to limitations inherent in the" macroscopic" approach) is given by de Vries (1958) . By application of the conservation laws for energy and mass the following simultaneous differential equations in 6 l and T are obtained (de Vries 1958) :
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It must be noted that all coefficients in (9) and (1 O) are functions of the dependent variables at and T.
For completeness the assumptions underlying the present theory are listed below; we refer to the original papers (Philip and de Vries 1957; for their discussion.
1. Liquid flow can be described by Darcy's law, which implies inter alia that it is laminar. 2. A continuous equilibrium exists between vapour and liquid contents per unit of volume, as expressed by equation (4).
3. The water pressure 'Y is a unique function of a l .
4. The" macroscopic" equation (8) holds to a good approximation. As applied to soils these assumptions present no serious limitations with the-. exception of No.3, which excludes cases where hysteresis operates. A discussion: of this problem has been published by J;lhilip (1955, 1957a) .
In addition, the following approximations were made in the derivation of (9) and (10):
The relative humidity is independent of temperature at constant at. These approximations are entirely justified in the applications to be considered here.
In the case of thermal conductivity experiments using cylindrical probes equations (9) and (10) must be solved for the region r>R (the probe radius), with the following initial and boundary conditions : Heref(t) depends on the characteristics of the probe and the medium. Neglecting the influence of moisture movement, we have (see equations (7), (19), and (21) of Part I) :
For the present purpose we shall take f(t} equal to unity; the resulting error will be small in comparison with those arising from other approximations.
The equations can be solved in principle by the application of numerical methods. However, such a procedure promises to' be' very laborious. We shall therefore follow a different path, i.e. by studying an ~nalytical solution for the approx:iJ;nation of constant coefficients. Although this means a dr::tstic simplification it ~s beJieved that the results obtained in this way retain the essentials of the exact solution. This point will be discussed further in Section.. Equations (9) and (10) reduce to this form when transfer of sensible heat is neglected and when all parameters (except 6 I and T)' can be considered as constants. To preserve radial symmetry we shall further neglect the influence of gravity in this subsection, i.e. the term Kk in equation (7).
Equations (15) and (16) where Two different values of x (and hence two transformed equations (19)) are -Dbtained by substituting the two roots of (18) in (20).
Oombining (17) with (11) and (12) The solution to equation (19) subject to conditions (21) and (22) is (Oarslaw and Jaeger 1950)
, where J and Yare Bessel functions of the first and second kind. Numerical values for r=R are also given by Carslaw and Jaeger (loc. cit., p. 283).
* We are indebted to Mr. J. R. Philip for drawing our attention to this solution.
In subsequent developments both" small time" and" large time" solutions are needed. The former can be found by the method described by Oarslaw and Jaeger (loc. cit., p. 274). We find
with ~=r/R>1 and 0'=4xt/R2<1. The " large time" solution calculated by the method of Part I is
for 0'~1. This solution is analogous to equation (23) of Part I; the two are identical for r=R and ~=O.
(h ) Numerical Examples Numerical values of the coefficients occurring in equations (9) and (10) can be calculated when '¥, K, A, and 0 are known as functions of 6, and T. Values of these quantities and the various moisture diffusivities for Yolo light clay were published by Philip (1957h) and for a medium sand (particle size between 0·01 and 0 ·06 cm) by de .
When a temperature gradient is set up in a soil that is initially in a state of equilibrium (T=To, CP=CPo) water is caused to move in a direction opposite to that of the temperature gradient. This movement is counteracted by a return flow due to the resulting gradients of CPo The moisture flux due to temperature gradients is proportional to Dr! the flux due to moisture potential gradients to Do. In a stationary state with qm=O these two fluxes balance (see de Vries (1958) for a discussion of steady-state heat conduction).
In the probe experiments to be considered below the temperature gradient is of the order of 1 °O/cm or less and hence the moisture gradient (expressed as· cm-1 ) will be of the order of magnitude of DT/Do (expressed as °0-1 ) or less. Values of DT/Do at 20 °0 for the two soils mentioned above are shown in Figure 1 .. rt will be noted that moisture gradients must be very small at both high and low moisture contents. They can only be detectable in an intermediate moisture range corresponding to the peak in the DT/Do curve. The width and position of this range depend inter alia on the soil texture .
.A consideration of the magnitudes of the various coefficients in equations (15) and (16) However, the former quantity decreases much more rapidly with increasing r than the latter so that 6 t -8 m is positive beyond a certain distance from the probe. As a numerical example we consider the case of Yolo light clay at 20 °0 and with 6 t =0 '082, which corresponds to the maximum of DT/De in Figure 1 . Then the following values of the coefficients in equations (15) and (16) are found:
On =1'000, 0 12 =4.16 X 10-7 °0-\ Dn =3 ·17 X 10-6 cm 2 sec-I, D12=2 ·42 X10-7 cm 2 sec-1 °0-\ 0 21 = -2 ·09 cal cm-3 , 0 22 =0=0 ·316 cal cm-3 °0-\ D21 =9 ·30 X 10-4 cal cm-1 sec-I, D 22 =A=1'65 X 10-3 cal cm-1 sec-1 °0-1 • Substitution in equations (18), (20), and (23) leads to: b l =2 ·18 X 10 4 °0, b 2 =0 ·568 °0, Xl =3 ·02 X 10-6 cm 2 sec-I, x2=a=5 ·22 X 10-3 cm 2 sec-I, Al =0 ·948 X 10-6 cal cm-l sec-l °0-\ A2=A=1·65 X 10-3 cal cm-1 sec-l °0-1.
In our experiments we use probes with a radius of approximately 5 X 10-2 cm. The temperature rise is measured during a heating period of 180 sec or less, the first reading being taken at about 10 sec (cf. Part I). TheJchange in moisture content, as calculated from equation (25) for Ul-U l • O and equation (26) for uz-uz. o with the above numerical values of the parameters and R=0'05 cm, Q/47tA=0'1 °0, is shown in Figure 2 for t=10 and 180 sec. The increase in a l at some distance from the probe is so small as to be hardly discernible in the figure. The curve for t=180 sec, for instance, has a maximumlof about 2 x10-i at r=0·18 cm. In the present example the calculated redistribution of moisture is almost negligible. Since the calculations were performed for the moisture content corresponding to the maximum of DT/Da it could be expected that the moisture changes would be even less for other arvalues and also for the coarser-textured soil. This was confirmed by further calculations.
Larger values of al-a w are obtained for smaller R-values and for higher average temperatures. It follows from equations (27) and (29) that at r=R the value of 6 1 -6 10 is approximately inversely proportional to R. Thus with a single heating wire of radius 0 ·005 cm (cf. Part I) the drying of the soil near the wire would be appreciable in the foregoing example. With moist soils it is therefore advisable not to reduce the probe diameter much below 0·1 cm. With soils of finer texture than Yolo light clay somewhat larger values of 6 1 -8 lO than those computed here must be expected. However, it seems improbable that even with very heavy clays the results will be greater by more than a factor five.
The effect of moisture movement on the temperature curve is also small, except at high average temperatures. The solution for T -To is
with e:= _ b2(U1 -Ut.o»0.
. .. (31)
Here A2 differs little from A and X2 little from a so that the temperature curve is little affected as long as -b 2 /b 1 and e: are small in comparison with unity. In the above numerical example, for instance, we have at 20 °0 and r=R=0·05cm: -,-b 2 /b 1 =2·6xl0-5 , e:=0·0027 at t=lOsec and 0·0058 at t=180sec; at 60°0: -b 2 /b 1 =3·9xl0-4 , e:=0·039 at t=10sec and 0·053 at t=180 sec. For the sand at 20 °0 with 8 1 =0 ·006 (corresponding to the maximum of DT/De in Fig. 1 ) we find with r=R=0·05 cm: -b 2 /b 1 =1·8xlO-3 , e:=0 ·039 at t=10 sec and 0 ·053 at t=180 sec. The factor 1 +e: expresses the influence on the temperature rise of changes in heat transfer by vapour movement due to vapour flow under the influence of moisture gradients. It can be easily checked that as t--+ 00, A2(I-b2/b1)/(I+e:)--+A-LPIDe.DT/Da. The latter value holds for steady-state heat conduction with qm=O and with no influence of gravity (see .
The results arrived at in this section are to be considered as approximate in view of the simplifying assumptions underlying the theory. The principal simplifications made are: (i) the exclusion of hysteresis, (ii) the assumption of constant coefficients, (iii) the neglect of gravity. Their influence will now be briefly discussed.
(i) Exclusion of Hysteresis.-With soils the effect of hysteresis will only be appreciable at relatively low moisture tensions where the changes in moisture content are very small. In the examples given above the effect of hysteresis will be negligible.
(ii) Assumption of Constant Coefficients.-It is impossible to assess the influence of the assumption of constant coefficients a priori. However, the fact that the approximate theory predicts only small variations in 8 1 lends some support to the procedure in retrospect. If ,we can consider the solution for constant coefficients as a reasonable first app~oximation to the exact solution, it can be shown by substitution that the neglected terms in equations (9) and (10), such as (VD e V8 z ), are small in comparison with other terms in these equations. We therefore believe that the theoretical values of 8 z -8zo given here will at least be of the correct order of magnitude.
The situation is more complex when we consider the deviations of the temperature curve from that for the ideal case of non-varying A and O. The drying of the soil near the probe will cause a decrease of these parameters, which is not taken into account in the present theory. This variation of the thermal properties will affect the temperature curve to a degree which may be greater than that expressed by the variation of e: in equation (30). For instance, in the example of Yolo light clay at 20 °0 the calculated decrease of 8 z at the probe surface by an amount of 0 ·007 at 180 sec will cause a decrease there of 6 per cent. in A and of 2 per cent. in O. These effects become rapidly smaller with increasing distance from the probe, but the total effect on the value of T -To could well be of the same order as or greater than the influence of e:, which at 180 sec is 0 ·58 per cent. Both the variation of A and of e; with time will cause a curvature in the P -To against In t relation that is convex toward the In taxis.
(iii) Neglect of Gravity.-The influence of gravity is also only appreciable at low moisture tensions (see Section V); it is negligible in the examples given above.
. Summarizing, we conclude that for most soils the redistribution of moisture and its effect on the temperature rise will be slight at average temperatures below about 40 °0 for probe experiments of the type considered here, i.e. for a probe diameter of 0·1 cm, a heating time of the order of 100 sec, and a temperature rise at the probe surface of less than 1 °0.
V. THE INFLUENCE OF GRAVITY
Gravity affects the experiments in two ways. Firstly it causes uneven initial distribution of moisture in the soil and secondly it promotes moisture movement in a downward direction after the equilibrium is disturbed.
The condition for isothermal equilibrium is
where 'Yo is the 'Y-value at z=O, e.g. at the probe centre. The moisture distribution follows from (32) through the relation between 8 z and 'Y.
In an experiment with a horizontal probe z varies practically from -tRl to +tRu when Rl is the radius of the soil cylinder around the probe at which the heat flux is less than a small fraction (say 3 per cent.) of that at the probe. In Part I we have already shown that RI is about 5 em in our experiments.
The variation of 8 z over a height of 10 cm will be negligible at low moisture With such a non-radial initial moisture distribution the A-value found from a probe experiment will usually correspond to a moisture content that is slightly higher than the average one, because the better conducting lower half of the sample will contribute more to the heat transfer than the poorer conducting upper half. However, it will be noted that at high moisture contents both A and a vary slowly with a I.
The influence of gravity on the moisture movement, as expressed by the term oK/oz in equation (9), is small over the entire moisture range. At low moisture contents this is due to the small values of K and OK/OaH at higher moisture contents to the small changes in a I.
Summarizing, we can say that the possible importance of the influence of gravity can be judged from a consideration of the variation of 6 H A, and a in a 'Y-region with a width of about 10 cm and with the 'Y-value at the probe axis (supposed to be horizontal) as its mid point. In practical cases this influence will often be small and the experimental A-value will then apply to the average moisture content in the sample.
A quantitative treatment can only be given on the basis of an analytical or numerical solution of equations (9) and (to). We have not attempted such an approach.
VI. EXPERIMENTAL DATA The theoretical conclusions of the previous section are generally confirmed by experimental experience. At sufficiently high moisture contents the theory for non-varying conductivity and diffusivity applies to probe experiments. However, one must be aware of complications due to an uneven moisture distribution under the influence of gravity.
In the field the water pressure in the upper soil layers is usually less than -100 cm and the influence of gravity then is negligible. Low values of I 'Y I occur, for instance, during infiltration after rain or. irrigation. In that case the last term on the right-hand side of equation (to), which represents transfer of sensible heat by liquid movement, is not negligible and the simple probe theory no longer applies. Very large apparent values of A have been observed under conditions of infiltration.
Results of a laboratory experiment at 20 °0 on Leighton Buzzard sand (particle sizes 0 ·060-0 ·085 cm) with a dry density of 1·54 g cm-3 and an average moisture content 6/=0 ·22 are shown in Figure 3 . In the sample (height=10 cm) the moisture content varied almost linearly from about 0 ·36 at the bottom to about 0·07 at the top. No apparent deviations from the behaviour of a homogeneous soil are observed. The experiment leads to 1..=5·5 X 10-3 cal cm-1 sec-1 °0-1 from which we calculate a=1·13xl0-2 cm 2 sec-1 • From equation (33) of Part I with R=O ·055 cm we find r=O ·026 cm. This is somewhat greater than the value of 0·021 found for the same probe in dry soil (see Part I). The difference i.s probably due to the uneven moisture distribution. Another experi-ment on the same soil with a single heating wire gave the same value of A within the experimental degree of accuracy.
Results for the same probe and sand now with 6 1 =0 '023, dry density 1·54 g cm-B , and temperature 20 °0 are given in Figure 4 . Here a slight curvature due to moisture movement can be noticed. The points for the cooling branch were found by using the extrapolated broken curve for the heating branch. The drying of the soil in the immediate vicinity of the probe results in a lower conductivity and therefore a more rapid fall in the first stages of cooling than with -constant conductivity. The cooling branch lies therefore above the heating branch. * It must be noted that the scale of ordinates does not extend to zero .and that the relative differences between the two branches are only of the order of a few per cent. The difference at 10 sec amounts to a distance of 0·8 mm on the galvanometer scale.
It is quite possible to draw a straight line through the points of the heating branch. If no cooling branch had been observed the effect of moisture movement would have remained unnoticed. From the straight line passing through the 10wer two points of the heating branch we find 11.=2·8 X 10-3 cal cm-1 sec-1 °0-1 .andr=0·022 cm; from the straight line through the cooling points, 11.=3·2 Xl0-B 001 cm-1 sec-1 °0-1 and r=O ·018 cm. The former values are to be considered .as the more reliable. It follows that in the region where moisture movement has a noticeable effect the A-value obtained from a probe experiment will depend to a certain degree on the exact experimental conditions (e.g. the values of Rand Q). When the probe method is used to measure the moisture content of soil it is therefore of importance to standardize the experimental procedure as far as possible, so' that, for instance, the conditions are similar during calibration and actual:. measurements. The effect of moisture movement could be minimized by feeding moisture into the soil through the probe wall at a required rate during heating. Experimental work along this line is in hand.
VII. CONCLUSIONS In conclusion we can say that probe experiments of proper design will yield a reliable value of the thermal conductivity of moist soils. The attainable degree of accuracy will be sufficient for application in the field and for most laboratory investigations.
When it is intended to measure the soil moisture content by a probe method a high degree of accuracy is required and the complications discussed in this paper have to be taken into account.
The conclusion of Part I, that no high· degree of accuracy can be expected :in measuring the thermal diffusivity by'the probe method, holds to an enlarged -degree for moist soils.
It must further be kept in mind that heat transfer in a moist porous material -not only depends on its thermal characteristics and on the thermal initial and boundary conditions, but also (be it often to a small extent) on the moisture ,characteristics and conditions for moisture flow. The simultaneous transfer of -heat and moisture is governed by the differential equations given in Section III together with proper initial and boundary conditions.
